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1.0 INTRODUCTION 
This r e p o r t ,  prepared by the  Engineering Research Division of The 
Universi ty of Michigan's Transpor ta t ion Research I n s t i t u t e  (UMTRI) f o r  the  
Motor Vehicle Manufacturers Associat ion (MVMA), i s  intended t o  guide the  
development of t r u c k  combinations t h a t  w i l l  provide both improved t racking and 
increased s t a b i l i t y  margins i n  dynamic maneuvers. 
Energy and economic cons ide ra t ions  provide s t rong mot ivat ions  f o r  
improving the  e f f i c i e n c y  of the  long-haul t rucking e n t e r p r i s e  i n  the  U.S. 
With the  l a r g e s t  f r a c t i o n  of long-haul f r e i g h t  being c a r r i e d  i n  cube-full  
l o a d s ,  t h e r e  i s  reason f o r  gaining a broader acceptance of doubles and t r i p l e s  
combinations i n  t h i s  se rv ice .  Research has c l e a r l y  demonstrated, however, 
t h a t  doubles and t r i p l e s ,  a s  convent ional ly  conf igured,  can e x h i b i t  a  tendency 
t o  prematurely r o l l  over t h e  l a s t  t r a i l e r  of the  combination i n  a dynamic 
s t e e r i n g  maneuver. Fur the r ,  assuming conventional  coupling dev ices ,  both 
experiment and a n a l y s i s  i n d i c a t e  t h a t  b e t t e r  t racking performance means poorer 
s t a b i l i t y  q u a l i t i e s  and v i c e  versa.  C l e a r l y ,  the  long-term h e a l t h  and 
p o t e n t i a l  growth of the  American t rucking e n t e r p r i s e  depends, i n  p a r t ,  on the  
a b i l i t y  of the t rucking community t o  achieve high l e v e l s  of p roduc t iv i ty  
without adopting conf igura t ions  t h a t  unduly compromise t h e i r  s a f e t y  q u a l i t y  
and t h e i r  compat ib i l i ty  with the  geometry of the  highway network. The 
p rov i s ions  of t h e  recently-enacted Surface Transpor ta t ion Assistance Act of 
1982 v i r t u a l l y  guarantee  t h a t  a broad expansion i n  the  use of m u l t i - u n i t  t ruck  
combinations w i l l  begin soon. Accordingly, i t  i s  inc reas ing ly  important t h a t  
r e sea rch  be conducted t o  guide the  development of veh ic le  systems which 
provide more nea r ly  optimal s o l u t i o n s  t o  both t r ack ing  and s t a b i l i t y  
requirements.  
It i s  re levan t  t o  observe t h a t  the  t ruck  s i z e  and weight study sponsored 
by the  Federal  Highway Administrat ion [ l ]  has  charac te r i zed  the  bas ic  
behaviora l  p r o p e r t i e s  of a l l  of the  conventional  veh ic le  combinations used i n  
the  U.S. such t h a t  the groundwork has  been l a i d  f o r  the  study of schemes f o r  
improving upon conventional  performance. In  t h i s  r egard ,  r e sea rch  has been 
r e c e n t l y  completed a t  UMTRI which provides a c l e a r e r  understanding of the 
f a c t o r s  governing t h e  rearward ampl i f i ca t ion  of l a t e r a l  a c c e l e r a t i o n  i n  
highway t r a i n s  [ 2 , 3 ] .  Thus, a s u b s t a n t i a l  base of research r e s u l t s  and 
a n a l y s i s  methods has  been produced r e c e n t l y ,  enabling a s e r i o u s  study of the  
tradeof f  between t racking and s t a b i l i t y .  
The r e s u l t s  presented here in  represen t  an i n i t i a l  s t e p  towards an 
u l t imate  goa l  of developing new concepts f o r  optimizing t h e  t radeoff  between 
o f f t r a c k i n g  and the  a r t i c u l a t i o n  s t a b i l i t y  of m u l t i - u n i t  t ruck combinations. 
With regard t o  t h i s  u l t imate  g o a l ,  t h i s  study has inves t iga ted  the  use of 
k inemat ical ly-s teered wheels on the  d o l l y  and t r a i l e r  ax les  of f u l l  t r a i l e r s .  
The repor ted i n v e s t i g a t i o n  c o n s i s t s  of two p a r t s :  (1)  an examination of 
the  r o l e  played by geometric parameters of conventional conf igurat ions  i n  
determining the  c o n f l i c t i n g  performance a t t r i b u t e s  of t racking and 
a r t i c u l a t i o n  s t a b i l i t y  ( see  Section 2 )  and ( 2 )  an exp lora t ion  of b e n e f i t s  
de r iv ing  from kinemat ical ly-s teered wheels on f u l l  t r a i l e r s  ( s e e  Section 3 ) .  
The r e p o r t  concludes t h a t ,  al though kinematic s t e e r i n g  of t r a i l e r  wheels can 
provide "per fec t "  low-speed t r a c k i n g ,  these  s t e e r i n g  arrangements a r e  probably 
unsu i tab le  f o r  operat ion a t  highway speeds. The concept of s t e e r i n g  t r a i l e r  
wheels i n  response t o  drawbar angle seems t o  be v i a b l e  only i f  t h e  s t e e r i n g  
ga in  ( l e v e l )  i s  adjus ted according t o  veh ic le  speed,  poss ibly  u t i l i z i n g  some 
form of con t ro l  mechanism. 
2.0 TKE CONFLICT BETWEEN LOW-SPEED TUCKING AND DYNAMIC PERFORMANCE 
This section treats the articulated vehicle which employs conventional 
trailer coupling mechanisms. Accordingly, the vehicle under consideration is 
a tractor-semitrailer unit coupled with a traditional fifth wheel and towing 
one or more full trailers. A full trailer is made up of a semitrailer and a 
converter dolly--the dolly using a single, wagon-tongue connection to its 
leading element and employing a conventional axle. 
2.1 Low-Speed Off tracking 
When an articulated vehicle tracks a steady-state circular trajectory at 
low speed, each axle of the train subtends a circular path whose radius is 
smaller than that of the preceding axle. Figure 1 illustrates this 
phenomenon for a three-axle tractor-semitrailer. The "offtracking" (OT) is 
defined as the difference in the turn radius of the first and last axle. h 
expression for OT, according to the notation employed in Figure 1, can be 
derived to yield 
Figure 2 illustrates a generalized scheme for labeling the significant 
length parameters (ignoring the rather insignificant kingpin offset 
dimensions, for example, KO). Using this notation, a generalized expression 
for the offtracking of the rearmost axle of a multiply articulated vehicle is 
given by the following equation: 
where n is the number of units in the train, with i=l denoting dimensions 
which apply to the tractor-semitrailer and i>l denoting dimensions applying to 
full trailers. 
Figure 1. Maximum low-speed offtracking of a tractor-semitrailer 
Figure 2. Definition of length dimensions applicable to 
low-speed offtracking calculation. 
Equation ( 2 )  i l l u s t r a t e s  the  advantage of adding a r t i c u l a t i o n  j o i n t s  t o  
reduce o f f t r a c k i n g .  For example, consider  two v e h i c l e s ,  each of the  same 
o v e r a l l  wheelbase ( f i r s t  a x l e  t o  l a s t  ax le ) .  One veh ic le  i s  a  s i n g l e - u n i t  
t ruck and the  o t h e r  i s  assumed t o  be composed of a  very l a r g e  number of u n i t s ,  
each with i n d i v i d u a l  wheelbases approaching zero.  The s i n g l e - u n i t  t ruck w i l l  
e x h i b i t  the  maximum of f t rack ing  f o r  a  v e h i c l e  of t h i s  l eng th :  
The second v e h i c l e ,  however, w i l l  have no o f f t r a c k i n g  s ince  each l eng th  
dimension approaches zero.  That i s :  
Thus i t  can be seen t h a t ,  f o r  a  veh ic le  of a  g iven l e n g t h ,  s teady-s ta te  
o f f t r a c k i n g  i s  reduced by each a d d i t i o n a l  a r t i c u l a t i o n  j o i n t .  When economic 
i n c e n t i v e s  promote the  use of long veh ic les  t o  inc rease  f r e i g h t  c a p a c i t y ,  
p r a c t i c a l  i s s u e s  of maneuverabil i ty i n  confined spaces ,  a s  i n  terminal  yards 
and urban environments, promote t h e  use of mul t ip le  a r t i c u l a t i o n  j o i n t s .  
In p r a c t i c e ,  t h e  o f f t r a c k i n g  exh ib i t ed  by long veh ic les  on r e a l  roads i s  
no t  simply a  f u n c t i o n  of t h i s  s t eady-s ta te  o f f t r a c k i n g  performance, but i s  
a l s o  determined by t h e  a r c  l eng th  of t h e  curved path  being followed by the  
lead axle.  I n  e f f e c t ,  the re  i s  a  t r a n s i e n t  o f f t r a c k i n g  phenomenon whose 
a n a l y s i s  i s  considerably  more complicated than t h e  p r e d i c t i o n  of t h e  
o f f t r a c k i n g  which occurs i n  a  "zero-speed" s teady turn .  Although the  
t r a n s i e n t  phenomenon i s  amenable t o  c a l c u l a t i o n  by computer, g iven any 
prescr ibed path  f o r  a  leading a x l e ,  J i n d r a  [ 4 ]  has developed a  general ized 
s o l u t i o n  f o r  two s p e c i f i c  pa ths  of a  l ead  a x l e ,  namely, a  90-degree t u r n  and a  
180-degree tu rn .  These s o l u t i o n s ,  a s  computed f o r  the  r e a r  ax le  of a  
s ingle-uni t  v e h i c l e ,  a r e  shown i n  Figure  3 .  Note t h a t  t h e  r e s u l t s  a r e  given 
i n  terms of a  nondimensional o f f t r a c k i n g ,  r / R  (where r i s  t h e  t u r n  rad ius  of 
t h e  r e a r  ax le  and R i s  t h e  r a d i u s  of t h e  prescr ibed t u r n  being followed by t h e  
lead o r  s t e e r i n g  a x l e ) ,  p l o t t e d  a s  ( 1 )  a  func t ion  of the  ang le ,  8 ,  t r aversed  b y  t h e  
i a x l e  and ( 2 )  a func t ion  of t h e  nondimensional r a t i o ,  h = k l R ,  
where R i s  the  wheelbase of the  veh ic le .  
Figure 3a. Offt racking of a s ing le -  Figure  3b. Off t racking of a ,  s ing le -  
u n i t  v e h i c l e  i n  a  90' u n i t  v e h i c l e  executing a 
t u r n  [ 4 ] .  180' t u r n  [ 4 ] .  
Jindra shows tha t  the r e s u l t s  plot ted i n  Figure 3 a re  a l so  applicable to  
a  t rac tor -semi t ra i le r ,  i n  tha t  these curves give the off t racking of the axle 
on a  s emi t r a i l e r ,  r e l a t i v e  t o  the path prescribed f o r  a  kingpin or  f i f t h  wheel 
comparable t o  the path prescribed fo r  the lead axle of the towing vehicle. 
Further,  by using the concept of an "equivalent wheelbase," J indra argues tha t  
the curves presented i n  Figure 3 yie ld  the approximate t r ans i en t  off t racking 
between the leading and l a s t  axle of a  multiply a r t icu la ted  highway t r a in .  To 
apply Figure 3 t o  t h i s  general case,  i t  i s  necessary t o  t r e a t  the r a t i o ,  X , 
as 
where Leq i s  the equivalent wheelbase a s  defined by 
Leq = 
Jindra 's  so lu t ion  ind ica tes  t h a t :  
1. The in£  luence of a r t i c u l a t i o n  j o i n t s  i s  mathematically i den t i ca l  i n  
the low-speed t rans ien t  response a s  i t  i s  i n  steady-state response. 
2 .  Smaller intended turn r a d i i  ( r e l a t i v e  t o  the e f f ec t ive  wheelbase) 
r e s u l t s  i n  longer t r ans i en t s  i n  terms of degrees of turn. 
3 .  For a  fixed turn radius,  sho r t e r  e f f ec t ive  wheelbases (smaller X) 
r e s u l t  i n  l e s s  off t racking a t  any point (degrees) i n  the turn. 
The above discussion only appl ies  t o  vehicles which have s ingle  ax les ,  
f ront  and rear .  For the sake of completeness (although the point is  not 
c ruc i a l  t o  the mult iple-ar t iculat ion i s s u e ) ,  we should note tha t  tandem axles ,  
a s  well as dual-wheel assemblies, a l so  a f f e c t  of f t racking ,  pa r t i cu l a r ly  on 
low-friction roadways, s ince  both generate a  turn-resis tant  yaw moment. 
Morrison [ 5 ]  has shown t h a t ,  i n  small r a d i i  turns on low-friction surfaces,  
widely spaced tandem axles  can s ign i f i can t ly  increase t r a i l e r  of ftracking . 
2 . 2  High-Speed Off t racking  
While low-speed off t racking i s  characterized by each axle of the vehicle 
tracking a  smaller radius than the axle preceding i t ,  high-speed off t racking 
has the opposite qual i ty .  Generally, i t  can be expected tha t  a r t icu la ted  
commercial vehicles  w i l l  exhib i t  an outboard, ra ther  than inboard, off t racking 
a t  highway speeds. For multiply a r t i cu l a t ed  vehic les ,  t h i s  off t racking may 
become su f f i c i en t ly  la rge  tha t  the increase i n  the width of the vehic le ' s  
swept path i s  s ign i f i can t  t o  s a fe ty  qua l i ty .  
Figure 4 shows the general condition of a  semi t ra i le r  i n  a  high-speed, 
steady turn [ 6 ] .  The reference radius ( R )  i s  measured t o  the kingpin of the 
semi t ra i le r .  (Since we have previously designated inboard off t racking a s  
pos i t i ve ,  the  outboard off t racking shown i n  the f igure  i s  shown as  -0T.) From 
the geometry of the f igu re ,  i t  can be shown t h a t ,  f o r  small angles: 
where L i s  the wheelbase of the t r a i l e r  and a i s  the s l i p  angle a t  the rear  
axle of the t r a i l e r .  Given the required s t a t i c  moment balance i n  yaw and i n  
p i t c h ,  i t  can be shown tha t :  
where a  i s  l a t e r a l  accelerat ion i n  g ' s ,  V i s  forward ve loc i ty ,  Fz i s  the 
Y 
load on the t r a i l e r  t i r e s ,  and C, i s  the t o t a l  cornering s t i f f n e s s  of the 
t i r e s  mounted on the axle of the t r a i l e r .  Combining these equations y ie lds  
the following expression fo r  off t racking a t  speed: 
where pos i t ive  values of OT ind ica te  inboard off t racking and negative values 
ind ica te  outboard off t racking.  
Equation 5 shows t h a t  off t racking a t  speed cons is t s  of an inboard, 
Turn 
Center 
Figure  4.  Geometry of t h e  high-speed offtracking of 
a semi trailer. 
zero-speed of f t racking component ( the f i r s t  term) and a  velocity-related 
component (second term) with an outboard polar i ty .  For turns a t  fixed r a d i i ,  
the outboard component increases strongly with speed and i s  more pronounced 
f o r  t r a i l e r s  which use lower s t i f f n e s s  t i r e s .  
Equation 5 a l so  demonstrates tha t  fo r  a  par t icu lar  speed, load,  and 
cornering s t i f f n e s s ,  there i s  a  c r i t i c a l  t r a i l e r  length (Lo) which r e su l t s  
i n  maximum outboard offtracking (minimum OT given the s ign convention used 
here in) .  Di f fe ren t ia t ing  OT with respect t o  L and se t t i ng  the r e su l t  t o  zero, 
we find t h a t :  
Equation ( 6 )  shows tha t  there i s  a  t r a i l e r  wheelbase dimension, Lcr ,  a t  
which high-speed off t racking maximizes f o r  given values of speed and Fz/C, . 
(Note tha t  Lcr i s  not a  function of e i t h e r  path radius or l a t e r a l  
acce lera t ion ,  per se . )  
A l l  of the preceding discussion has been concerned with the outboard 
off t racking of a  s ing le  t r a i l e r  r e l a t i v e  t o  i t s  lead point (kingpin fo r  a  
semi t ra i le r ) .  On noting tha t  a  dol ly can be t reated i n  the same manner 
(considering i t s  lead point as  the p in t l e  h i t ch ) ,  i t  can be shown tha t  the 
overa l l  off t racking of a  multiply a r t icu la ted  vehicle a t  speed i s  
approximately a s  follows: 
OT = OTzero speed - v L / ~ g *  (L1Fz1/Ca1 + L2FZZ/CaZ + L3Fz3/Ca3 + • • - 1  
( 7 )  
On assuming a  vehicle which uses the same t i r e s  on a l l  ax les ,  each carrying the 
same load,  we find tha t  
OT OTzero speed - ( V  2/Rg) ( Fz/Cu) ( L1+L2+L3+. . . ) 
where the L's a r e  the "wheelbases" (h i tch  t o  axle lengths)  of each of the 
d o l l i e s  and semi t ra i le rs  making up the t r a in .  It i s  par t icu lar ly  of i n t e r e s t  
t o  note tha t  the sum of a l l  these lengths i s  approximately equal t o  the 
overall length of the trailer train. Thus, we see that the outboard component 
of offtracking at speed is not a function of the number of articulation 
joints, but only of overall length. Note, however, that the articulated 
vehicle will still track further outboard at any given lateral acceleration 
because of its smaller, inboard component at zero-speed. Figure 5 
illustrates this offtracking phenomenon and demonstrates why multiple 
articulation joints lead to larger outboard offtracking at increased speed. 
2 . 3  Dynamic Yaw Response: Yaw Damping and Rearward Amplification 
The dynamic yaw response of multi-articulated vehicles has been studied 
by a number of investigators [ I - 3 ,  7-16]. In recent years, the investigation 
[ 9 ]  of the safety quality of the double-bottom fuel-hauling fleet in the State 
of Michigan has led to a broader, national interest in the performance of 
multi-articulated vehicles. Additional UMTRI studies following this original 
work include References [lo-131 . 
The dominant performance property distinguishing the dynamic yaw response 
of multi-articulated vehicles from that of other commercial vehicles is 
"rearward amplification." It has been found that, in transient turning 
maneuvers, the rear unit of a multi-articulated vehicle may well experience a 
maximum lateral acceleration level which substantially exceeds the maximum 
lateral acceleration of the lead unit of the vehicle. In general, the lateral 
acceleration level of each unit may be expected to increase over that of the 
preceding unit, in typical dynamic maneuvers. It appears that it is this 
rearward amplification quality which leads to a tendency toward rear trailer 
rollover, a tendency well documented by the accident record. 
Rearward amplification is a frequency-sensitive phenomenon, tending to be 
more pronounced in maneuvers where the steer input has a relatively high 
frequency content. Multiply articulated vehicles are multi-degree-of-freedom 
dynamic systems, characterized by several oscillatory dynamic modes of 
motions, some of which may be very lightly damped. When such a system is 
excited by inputs whose frequency content is near the natural frequency of 
these lightly damped modes, a very strong, resonant-like response occurs. The 
natural frequencies of the lightly damped modes of multi-articulated vehicles 
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Figure 5. Offtracking of single- and multi-articulated vehicles 
of similar length. 
tend t o  be higher  than the  s t e e r i n g  f requencies  used i n  normal d r i v i n g ,  but 
low enough t o  be exc i t ed  i n  emergency o r  evasive  maneuvers. 
It i s  u s e f u l  t o  begin a cons idera t ion  of the  d i r e c t i o n a l  dynamics of 
a r t i c u l a t e d  veh ic les  by examining t h e  c h a r a c t e r i s t i c  r o o t s  of the  dynamic 
system. Figure 6 d i sp lays  t h e  root  locus  p l o t  of a "Michigan double" as  a 
func t ion  of forward speed. We note  t h a t  t h i s  system has f o u r  ( t h e  number of 
a r t i c u l a t i o n  j o i n t s  p lus  one) n a t u r a l  modes of o s c i l l a t i o n ,  a s  ind ica ted  by 
the  four  r o o t  l o c i .  One mode i s  seen t o  be heavi ly  damped, two modes show an 
in te rmedia te  l e v e l  of damping, wi th  a f o u r t h  mode being r a t h e r  l i g h t l y  damped. 
The l i g h t l y  damped mode has  a n a t u r a l  frequency i n  t h e  v i c i n i t y  of 4.5 t o  5 
r a d l s e c  ( . 7  t o  .8 Hz). A l l  modes tend t o  become l e s s  damped a s  speed 
i n c r e a s e s  ( a  f ind ing  c o n s i s t e n t  with the  p r o p e r t i e s  of a l l  pneumatic-tired 
v e h i c l e s ) ,  but  only the  heav i ly  damped mode changes i t s  frequency 
s i g n i f i c a n t l y  wi th  speed. 
When t h e  r e s u l t s  of Figure 6 a r e  compared t o  r e s u l t s  ca lcu la ted  f o r  the  
t r a c t o r - s e m i t r a i l e r  on ly ,  we f ind  t h a t  t h e  two l o c i  shown a s  dashed l i n e s  
remain unchanged, and t h e  two l o c i  shown a s  s o l i d  l i n e s  disappear .  This 
impl ies  t h a t  i t  i s  the  f u l l  t r a i l e r  which i s  l i g h t l y  damped and the  
t r a c t o r - s e m i t r a i l e r  which i s  wel l  damped, and t h a t  t h e  mul t ip ly  a r t i c u l a t e d  
veh ic le  i s  dynamically "decoupled" a t  t h e  p i n t l e  h i t c h  connection. Resul ts  
f o r  t ruck- fu l l  t r a i l e r  combinations and f o r  t r a i n s  with more than one f u l l  
t r a i l e r  a r e  c o n s i s t e n t  i n  t h a t  (1)  the  two modes assoc ia ted  with a given f u l l  
t r a i l e r  tend t o  be l i g h t l y  damped, ( 2 )  t h e  a d d i t i o n  of more f u l l  t r a i l e r s  does 
n o t  a f f e c t  t h e  dynamic behavior of u n i t s  ahead of the  added t r a i l e r s ,  and ( 3 )  
t h e  modes of motion assoc ia ted  with each f u l l  t r a i l e r  become l e s s  and l e s s  
damped moving rearward in the  t r a i n .  
The "decoupling" phenomenon i s  explained i n t u i t i v e l y  by t h e  f a c t  t h a t  the  
l a t e r a l  f o r c e  a t  t h e  p i n t l e  h i t c h ,  required t o  s t e e r  t h e  "wagon-tongue" type 
of d o l l y  i s  r a t h e r  small--so smal l ,  i n  f a c t ,  t h a t  t h e  yaw performance of the  
f u l l  t r a i l e r  cannot "feed forward'' and a f f e c t  the  yaw performance of leading 
u n i t s .  The decoupled n a t u r e  of t h e  system enhances our a b i l i t y  t o  understand 
rearward a m p l i f i c a t i o n ,  s i n c e  i t  means t h a t  each f u l l  t r a i l e r  u n i t  may be 
analyzed i n d i v i d u a l l y .  
F i g u r e 6 .  L o c i  o f  t h e  r o o t s ,  R ? ,  F.2, R 3 ,  a n d  R 4 ,  
o f  t h e  c h a r a c t e r i s t i c  e a u a t i o n  i n d i c a E -  
i n g  t h e  i n f l u e n c e  of  f o r w a r d  v t i l o c i ~ y  
o n  t h e  n a t u r a l  f r e q u e n c i e s  wn, a n d  
d a m p i n g  r a t i o s ,  5 ,  o f  t h e  b a s i c  m o d e s  
o f  v e h i c l e  m o t i o n .  
References [ 2 $ 3  1 point out t h a t ,  i n  the frequency domain, rearward 
amplif icat ion i s  equivalent t o  the magnitude of the t r ans fe r  function between 
the l a t e r a l  accelerat ions of the centers  of gravi ty of the f i r s t  and l a s t  
un i t s .  Further ,  due t o  decoupling, t h i s  overa l l  t r ans fe r  function can be 
expressed as the product of local ized t ransfer  functions between centers  of 
gravi ty and p i n t l e  hooks along the length of the t r a i n ,  This concept i s  
i l l u s t r a t e d  i n  Figure 7 ,  where the mass c e n t e r s  of t h e  t r a c t o r ,  t h e  f f r s t  f u l l  
t r a i l e r ,  and the second f u l l  t r a i l e r ,  a r e  i d e n t i f  i e d  a s  p o i n t s  1, 3 ,  and 5 ,  
respec t ive ly ,  and the ~ i n t l e  h i t c h e s  a t  t h e  r e a r  of  t h e  s e m i t r a i l e r  and a t  t h t  
rear  of the f i r s t  f u l l  t r a i l e r  a r e  i d e n t i f i e d  a s  p o i n t s  2 and 4 ,  r e s p e c -  
t i v e l y  . 
The ana lys is  of rearward amplif icat ion can, i n  general ,  be reduced t o  an 
analysis  which derives the loca l  t r ans fe r  functions. For t h i s  purpose, we 
point out a  dichotomy i n  t ransfer  function types,  viz . :  
1. Towing un i t  t r ans fe r  functions a r e  the t ransfer  functions between 
the c.g. of a  un i t  and the p i n t l e  h i t ch  point on the rear  of t ha t  
u n i t  . 
2. Towed u n i t  t r ans fe r  functions a r e  the t r ans fe r  functions between 
a  p i n t l e  (o r  tongue) h i t ch  point a t  the f ront  of a  un i t  and the 
cog .  of t ha t  un i t .  
Analysis [2 ,3]  has shown t h a t  the four l oca l  t r ans fe r  functions of 
i n t e r e s t  a r e  of the forms given i n  Table 1. (Table 2 contains the 
de f in i t i ons  of symbols used.) The - t ransfer  functions presented i n  Table 1 a re  
a l l  expressed i n  terms of ( a )  vehicle propert ies  (masses, lengths,  t i r e  
parameters, e t c . ) ,  (b) forward ve loc i ty ,  u ,  and ( c )  the frequency of 
exc i t a t i on  ( i , e .  , s teer ing  input) .  A l l  of these quan t i t i e s  have a  
s ign i f i can t  inf luence on the property tha t  we define a s  rearward 
amplif icat ion.  
Examination of Table 1 shows tha t  the only type of towed un i t  i s ,  by 
de f in i t i on ,  a  f u l l  t r a i l e r .  Tractor-semitrailer combinations*, s t r a igh t  
t rucks ,  and f u l l  t r a i l e r s  can a l l  be towing uni t s .  
*Tractor-semitrailers a r e  considered a s  a  uni t  s ince they do not 
"decouple" a t  t h e i r  h i t ch  point .  
Towing Unit Transfer  Functions:  AyZ/Ayl and A / A  
Y4 Y3 
Towed Unit Transfer  Functions:  A / A  and A / A  
Y3 Y 2  Y5 Y4 
Overal l  Transfer  Function = A / A  = ( A  / A  )x(A / A  )x 
Y5 Y l  Y2 Y l  Y3 Y2 
(Ay4/Ay3)x(AY5/Ay4) 
Figure  7 .  A d e f i n i t i o n  of l o c a l i z e d  t r a n s f e r  func t ions  f o r  a 
t r i p l e - t r a i l e r  combination. 
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Table 1. Amplification Fac to r s  
Note: For each towing u n i t ,  t he  symbol x r ep resen t s  the  d i s t a n c e  from t h e  c.g. t o  t h e  p i n t l e  h i t ch .  
PC 
1. Towing Unit :  S t r a i g h t  Truck 3. Towing Unit: F u l l  T r a i l e r  
Reawatd ampl i f i ca t ion  between the  c.g. of a Rearward ampl i f i ca t ion  between the  c.g. of 
s t r a i g h t  t ruck and i t s  p i n t l e  h i t c h  a f u l l  t r a i l e r  and t h e  p i n t l e  h i t c h  con- 
nec t ion  t o  t h e  u n i t  i t  is towing 
A 
2 = (1 + AA) A 
YC h 
A = (1  + AA) where YC 
ju (Y j o  + 1) 
C C a  I where I1 j w . c x i c  a  1 - - u 2 +  -x m u x  L C  ll a xlluzcc, . 3 u j u ( 6  j o  + 1) 
2 .  Towing Unit :  Trac tor-Semit ra i le r  
a .  Rearward ampl i f i ca t ion  between t h e  c.g. 
of a s e m i t r a i l e r  and its p i n t l e  h i t c h  
connection t o  t h e  u n i t  being towed 
where 
b. Note t h a t  f o r  t y p i c a l  t r ac to r - semi t r a i l e r s  
(3 ) ,  t he  rearward ampl i f i ca t ion  between 
t h e  c.g. of the  t r a c t o r  and the  c.g. of t h e  
s e m i t r a i l e r  may range from a maximum of 
approximately 1.2 t o  a minimum of approxi- 
mately 0.8 i n  the  frequency range from 0 
t o  3.5 r ad l sec ,  Vehicles wi th  s h o r t  semi- 
t r a i l e r s  tend eo have maximum ampl i f i ca t ion  
f a c t o r s  g r e a t e r  than  1.0 a t  frequencies i n  
t h e  range from f t o  4 r ad l sec ,  Vehicles 
wi th  longer  s e m i t r a i l e r s  tend t o  have 
ampl i f i ca t ion  f a c t o r s  of P o  0 a t  low fre- 
quencies wi th  t h e i r  ampl i f i ca t ion  f a c t o r s  
f a l l i n g  o f f  t o  approximately 0.8 i n  the  
neighborhood of 3 r ad l sec .  For f i r s t -  
order  e s t ima tes  of o v e r a l l  rearward 
ampl i f i ca t ion ,  a reasonable compromise 
is  t o  a s s ign  an ampl i f i ca t ion  f a c t o r  of 
1 .0  between the  c o g .  of the  t r a c t o r  and 
t h e  c ,  g. of the  s e m i t r a i l e r  i f  t h i s  
ampl i f i ca t ion  f a c t o r  i s  not  known from 
p r i o r  work. 
-(The ampl i f i ca t ion  f a c t o r  f o r  a towed f u l l  
t r a i l e r  is  given next i n  Item 4 . )  
4. Towed Unit :  F u l l  T r a i l e r  
Rearward ampl i f i ca t ion  between the  p i n t l e  
h i t c h  connection t o  t h e  towing u n i t  and 
t h e  c.g. of the  f u l l  t r a i l e r  
where 
r n  
See Equations ( 8 ) and ( 9 ) f o r  determining 
the  maximum value  of A / A  . 
Y C  YP 
Table 2. Symbols, Subscripts, and Definitions 
?lotion Var iables  - Def in i t i ons  
v l a t e r a l  v e l o c i t y  
r yaw r a t e  
v heading angle  
y l a t e r a l  displacement 
A l a t e r a l  a c c e l e r a t i o n  
Y 
r a r t i c u l a t i o n  angle 
a t i r e s l i p a n g l e  
5 s t e e r i n g  angle  of f r o n t  wheels 
Parameters - Def in i t i ons  
u o r  x forward v e l o c i t y  
A 
t he  sum of the  corner ing  s t i f f n e s s e s  
of a l l  the tires mounted on a desig- 
nated a x l e  
x long i tud ina l  d i s t a n c e  between po in t s  
i nd ica t ed  by s u b s c r i p t s ,  e. g. , XBA 
i s  the  d i s t a n c e  from po in t  B t o  poin t  A 
m mass 
i yaw moment of i n e r t i a  
y,m2,y masses of s t r a i g h t  t rucks ,  s e m i t r a i l e r s ,  
and f u l l  t r a i l e r s ,  r e spec t ive ly  
I I i moments of i n e r t i a  of s t r a i g h t  t rucks ,  '' " s e m i t r a i l e r s  and f u l l  t r a i l e r s ,  
r e spec t ive ly  
A p i n t l e  h i t c h  of a f u l l  t r a i l e r ,  a l s o  
Force and Moment Coef f i c i en t s  Used i n   ine ear 
Equations of Motion 
Fv 
the  r a t e  of change of l a t e r a l  f o r c e  wi th  
r e spec t  t o  v 
Fr 
t h e  r a t e  of change of l a t e r a l  f o r c e  wi th  
r e spec t  t o  r 
F the  r a t e  of change of l a t e r a l  f o r c e  wi th  ' r e spec t  t o  $ 
F the  r a t e  of change of l a t e r a l  fo rce  wi th  
r e spec t  t o  (yA-yT) 
Fg t h e  r a t e  of change of l a t e r a l  f o r c e  with r e spec t  t o  B 
Tv the  r a t e  of change of yaw moment wi th  r e spec t  
t o  V 
Tr the  r a t e  of change of yaw moment wi th  r e spec t  
t o  r 
Tq 
t h e  r a t e  of change of yaw moment with r e spec t  
t o  '4 
T t h e  r a t e  of change of yaw moment wi th  r e spec t  
t o  (yA-yT) 
Tg  t he  r a t e  of change of yaw moment wi th  r e spec t  
t o  B 
Operators and Frequency Response Q u a n t i t i e s  
p o r  ( * )  i n d i c a t e s  d i f f e r e n t i a t i o n  wi th  r e spec t  
t o  time 
w frequency, r a d f s e c  
f i f t h  wheel of a t r a c t o r - s e m i t r a i l e r ,  
j gene ra l ly  t h e  a r t i c u l a t i o n  j o i n t  
complex number equal  t o  v ' l  
c l o s e s t  t o  t he  f r o n t  of t he  veh ic l e  41 phase 
P p i n t l e  h i t c h  of any towing u n i t  K ampli tude 
C c.g. of any towing u n i t  
1 , 2 , 3  e t c .  r e a r  a x l e s  of a f u l l  t r a i l e r  s t a r t i n g  
-4 /A l a t e r a l  a c c e l e r a t i o n  t r a n s f e r  funct ion  
Y* between po in t s  1 and 2 
from the  r e a r  a x l e  c l o s e s t  to  t he  A ampl i f i ca t ion  f a c t o r  f o r  a towing u n i t  
f r o n t  of t h e  t r a i l e r ;  a l s o ,  t hese  
numbers a r e  used in a double s u b s c r i ~ t  open-loop t r a n s f e r  funct ion  
n o t a t i o n  (4 )  t o  denote the  j th a x l e  
Yc 
closed-loop t r a n s f e r  funct ion  
on the  i t h  u n i t  of a t r a i n .  For N numerator example, x l 3  is the  d i s t a n c e  i r o n  the  
cen te r  of g rav i ty  of a 3-axle t r a c t o r  D denominator 
t o  its rearmost a x l e  
Yz quan t i ty  pe r t a in ing  t o  complex R wheelbase conjugate zeros 
Spec ia l  Summations 
CC t h e  sum of the  corner ing  s t i f f n e s s e s  a of a l l  t h e  t i r e s  on a f u l l  t r a i l e r  
o r  s t r a i g h t  t ruck  
CfCa 
t h e  sum of the  corner ing  s t i f f n e s s e s  
of t h e  tires on t h e  f r o n t  a x l e ( s )  of 
a f u l l  t r a i l e r  o r  s t r a i g h t  t ruck  
ZryCaT t h e  sum of the  products of the d is -  tance  from the  c.g. t o  each r e a r  ax le  
wi th  i t s  cornering s t i f f n e s s  f o r  f u l l  
t r a i l e r s  
Cx2ca the  sum of the  products of t he  square 
of t he  d i s t ance  from t h e  c.g.  t o  each 
a x l e  times t h e  corner ing  s t i f f n e s s  
f o r  t h a t  a x l e  (see  Tr i n  Fig .  2 f o r  
f u l l  t r a i l e r  s i t u a t i o n s  
Y Y  quan t i ty  pe r t a in ing  t o  complex 
P' conjugate poles  
w n a t u r a l  frequency 
nc 
c damping r a t i o  
w frequency a t  maximum gain  max 
Galax maximum gain  f o r  a f u l l  t r a i l e r  
Specia l  Po in t s  Used i n  Subsc r ip t s  
Po in t s  - Location 
B t u r n t a b l e  of a f u l l  t r a i l e r  
T c.g. of a f u l l  t r a i l e r  
The towed u n i t  t r a n s f e r  func t ion  has a maximum va lue ,  corresponding t o  a 
maximum rearward ampl i f i ca t ion  of c.g. motion r e l a t i v e  t o  t h e  p i n t l e  h i t c h  
motion, a t  frequency urn,, given by: 
'max = 'nc - 2  5 f o r  5, < .707 
The maximum rearward a m p l i f i c a t i o n  ga in  occurr ing a t  t h i s  frequency can be 
shown t o  be: 
Thus, from t h e  equat ion f o r  5, ( s e e  i tem 4 i n  Table 1 )  we observe t h a t  towed 
u n i t  ampl i f i ca t ion  i s  l a r g e  (because damping i s  smal l )  when ( 1 )  v e l o c i t y  i s  
h igh ,  ( 2 )  t i r e  s t i f f n e s s  r e l a t i v e  t o  v e h i c l e  mass i s  low, and ( 3 )  t h e  veh ic le  
wheelbase i s  s h o r t .  More complex formulat ions  than those of Table 1 show t h a t  
towed u n i t  ampl i f i ca t ion  i s  a l s o  a r a t h e r  mix funct ion of towbar -
l eng th .  The na tu re  of t h i s  func t ion  i s  such t h a t  the re  i s  a worst-case towbar 
l e n g t h  a t  which l o c a l  ampl i f i ca t ion  maximizes [ 3 ] .  Shorter  o r  longer towbars w i l l  
reduce t h e  l o c a l  ampl i f i ca t ion ,  s l i g h t l y  . However ,  t o w b a r  l e n g t h  i s  a 
m i n o r  c o n s i d e r a t i o n  i n  e s t i m a t i n g  r e a r w a r d  a m p l i f i c a t i o n .  
Ca lcu la t ions  f o r  t h r e e  types  of f u l l  t r a i l e r s  (s tandard 27-foot van with 
d o l l y ,  the  Michigan double pup t r a i l e r ,  and the  C a l i f o r n i a  long-tongue pup 
t r a i l e r )  y i e l d  maximum ampl i f i ca t ions  ranging from 1.2 t o  1.6 a t  f requencies  
ranging from 2.7 t o  4 rad/sec.  
With respec t  t o  t h e  rearward ampl i f i ca t ion  assoc ia ted  with towing u n i t s ,  
examination of Table 1 shows t h a t  the  genera l  form of t h e  t r a n s f e r  funct ion 
from t h e  c.g. t o  t h e  p i n t l e  h i t c h  i s :  
where t h e  s p e c i f i c  d e f i n i t i o n s  of T , wn, and 5 depend upon whether the  
towing u n i t  i s  a s t r a i g h t  t r u c k ,  a t r a c t o r - s e m i t r a i l e r ,  o r  a f u l l  t r a i l e r .  
The q u a n t i t y  T r e p r e s e n t s  the  forward v e l o c i t y  divided by t h e  general ized 
cornering coefficient. From the numerator of Equation (lo), we see that (1) 
stiff tires relative to the mass of the vehicle are again advantageous for 
reducing rearward amplification and (2) a short distance from the c.g. back to 
the pintle hitch reduces amplification. The denominator of the equation 
corresponds to the classical second-order system which can resonate near wn 
if 5 is small. Typically, for commercial vehicles, wn tends to be above 6 to 
7 rad/sec, well above the frequencies which the driver can effectively 
generate. However, if 5 is small, its influence can be important in the 
frequency range associated with emergency maneuvering. 
As indicated in Figure 7, the overall rearward amplification can be 
determined from the product of the individual transfer functions, namely, 
at any given frequency the gain of the local transfer functions may be 
determined and multiplied to determine the overall rearward amplification 
for that frequency . This finding implies that the issue of "tuning" among 
units of a vehicle may be critical. If a multi-articulated vehicle is made up 
of several identical trailers, its overall amplification may be large, even 
though local amplifications are small, since they will all peak near the same 
frequency. For example, a conventional triple consisting of a tractor and 
three 28-foot trailers has been found to exhibit the following amplification 
factors at 3.15 radlsec, the frequency at which maximum gain is exhibited by 
each trailer : 
Tractor c.g. to semi c.g. 
Semi c.g. to pintle 
1st trailer pintle to c.g. 
1st trailer c.g. to pintle 
2nd trailer pintle to c.g. 
The product of these factors totals 2.48, a large amplification at the 
relatively low frequency of 3.15 radlsec. 
A graphical presentation of the manner in which the two local 
amplifications of a truck-full trailer combine to produce an amplification for 
the complete vehicle system is given in Figure 8. Here we see that the 
truck's amplification is very high at high frequencies, but that the trailer's 
amplification peaks at less than 3 rad/sec. The combined effect is total 
Rearward Amplification 
(Gain) 
Figure 8. Rearward amplification response (A 3 1 ~ ~ 1 )  as determined b y  
Y the product of t r u c k  and trai er characteristics, 
~ ~ 2 1 ~  1 and ~ , , 3 / ~ ~ 2  respectively. 
Y 
a m p l i f i c a t i o n  which peaks between 3 and 4 r a d l s e c  a t  a  magnitude of about 2 .  
The f i n d i n g s  discussed above show t h a t  the  use of f u l l  t r a i l e r s  i n  
commercial v e h i c l e  t r a i n s  i n h e r e n t l y  l e a d s  t o  r educ t ions  i n  yaw s t a b i l i t y  and 
c o r o l l a r y  i n c r e a s e s  i n  rearward a m p l i f i c a t i o n ,  but  t h a t  va r ious  v e h i c l e  
p r o p e r t i e s  (e.g.,  t i r e  s t i f f n e s s ,  mass d i s t r i b u t i o n ,  geometry, and "symmetry") 
have a  s t rong  in f luence  on t h e  s p e c i f i c  l e v e l  of a m p l i f i c a t i o n  t h a t  r e s u l t s .  
2.4 Conclusion 
The mul t ip ly  a r t i c u l a t e d  commercial v e h i c l e  t r a i n ,  p a r t i c u l a r l y  t h a t  
which uses  convent ional  f u l l  t r a i l e r s ,  e x h i b i t s  a  fundamental c o n f l i c t  between 
d e s i r a b l e  and undes i rab le  performance p r o p e r t i e s .  The c o n f l i c t i n g  performance 
p r o p e r t i e s  a r e  a s  fo l lows:  
Desi rable  Performance 
1. Improved low-speed o f f t r a c k i n g  and increased 
maneuverabi l i ty  i n  confined a r e a s  
Undesirable Performance P r o p e r t i e s  
1. Degraded high-speed of f t r a c k i n g  ( r e s u l t i n g  d i r e c t l y  
from improved low-speed o f f t r a c k i n g  and t h e  use of 
t r a i n s  having increased o v e r a l l  l e n g t h )  
2 .  Reduced dynamic s t a b i l i t y  (due t o  the  i n t r o d u c t i o n  of 
l i g h t l y  damped dynamic modes) r e s u l t i n g  i n  
increased rearward a m p l i f i c a t i o n  l ead ing  t o  
increased r o l l o v e r  p o t e n t i a l  f o r  the  t r a i l i n g  u n i t  
The a m o u n t  o f  l o w  s p e e d  o f f t r a c k i n g  o f  a  l o n g  t r a i l e r  c a n  b e  
g r e a t l y  r e d u c e d  by a d d i n g  a r t i c u l a t i o n  j o i n t s .  F o r  e x a m p l e ,  i n  
a  t i g h t  t u r n  w i t h  a  r a d i u s  o f  50 f e e t  a  s e m i - t r a i l e r  w i t h  4 0  f e e t  
b e t w e e n  t h e  5 t h  w h e e l  a n d  t h e  r e a r  a x l e  w i l l  o f f t r a c k  t h e  5 t h  
w h e e l  by 2 0  f e e t :  w h i l e  i f  t h i s  h y p o t h e t i c a l  s e m i - t r a i l e r  w e r e  t o  b e  
d i v i d e d  i n t o  2 0  f o o t  s e m i s ,  t h e  s e c o n d  o f  t h e  two s e m i s  w o u l d  o f f -  
t r a c k  by l e s s  t h a n  9 f e e t .  T h e s e  r e s u l t s  a r e  w e l l  known t o  t r u c k  
d r i v e r s  a n d  a r e  t h e  b a s i s  f o r  d e s i r i n g  t o  u s e  a r t i c u l a t e d  v e h i c l e s .  
H i g h  s p e e d  o f f t r a c k i n g  i s  n o t  l a r g e  on l o n g  r a d i u s  c u r v e s  
d e s i g n e d  f o r  h i g h w a y  s p e e d s .  H o w e v e r ,  t r a i l e r  w h e e l s  may t r a c k  
o u t s i d e  o f  t h e  t r a c t o r  w h e e l s ,  e s p e c i a l l y  o n  e x i t  r a m p s  i f  t h e y  
a r e  t r a v e r s e d  a t  h i g h  s p e e d .  D r i v e r s ,  who my n o t  b e  a w a r e  o f  
t h i s  p h e n o m e n o n ,  may c a u s e  t h e i r  v e h i c l e s  t o  s t r i k e  c u r b s  o r  
o t h e r  r o a d s i d e  o b j e c t s  i f  t h e y  a r e  n o t  w a r n e d  o f  t h i s  d a n g e r ,  
The a d d i t i o n  o f  a n  a r t i c u l a t i o n  j o i n t  c o n t r i b u t i o n  i s  no  more  
t h a n  1 1 2  f o o t  o f  o u t b o a r d  o f f t r a c k i n g .  
R e a r w a r d  a m p l i f i c a t i o n  i s  h i g h l y  d e p e n d e n t  u p o n  t h e  l e n g t h s  
o f  t h e  u n i t s  i n v o l v e d  i n  a  c o m b i n a t i o n  v e h i c l e .  F o r  e x a m p l e ,  a  
t u r n p i k e  d o u b l e  w i t h  t r a i l e r  w h e e l b a s e s  o f  432  i n c h e s  w i l l  h a v e  
a  maximum r e a r w a r d  a m p l i f i c a t i o n  o f  a p p r o x i m a t e l y  1.1. w h i l e  a  
c o n v e n t i o n a l  6 5 '  d o u b l e  w i t h  t r a i l e r  w h e e l  b a s e s  o f  252 i n c h e s  
w i l l  h a v e  a  maximum r e a r w a r d  a m p l i f i c a t i o n  o f  a b o u t  2 . 1  [ 1 2 ] .  
The t u r n p i k e  d o u b l e  w i l l  p e r f o r m  a l m o s t  i d e a l l y  i n  o b s t a c l e  
a v o i d a n c e  m a n e u v e r s ,  b u t  i t s  o f f t r a c k i n g  a t  low s p e e d  w i l l  b e  
much w o r s e  t h a t  t h a t  o f  a  c o n v e n t i o n a l  6 5 '  d o u b l e ,  w h i c h ,  d u e  
t o  r e a r w a r d  a m p l i f i c a t i o n ,  r u n s  a  g r e a t e r  r i s k  o f  r o l l i n g  o v e r  
t h e  r e a r  t r a i l e r  i n  t h e  e v e n t  t h a t  a n  o b s t a c l e  a v o i d a n c e  m a n e u v e r  
i s  r e q u i r e d .  The d i f f e r e n c e s  b e t w e e n  t h e  p e r f o r m a n c e  p r o p e r t i e s  
of  c o n v e n t i o n a l  6 5 '  d o u b l e s  a n d  l o n g e r  t u r n p i k e  d o u b l e s  c l e a r l y  
i l l u s t r a t e  t h e  c o n f l i c t  b e t w e e n  l o w  s p e e d  o f f t r a c k i n g  a n d  h i g h  
s p e e d  m a n e u v e r a b l i l i t y .  
3.0 THE ADVANTAGES AND DISADVANTAGES OF FULL TRAILERS I N  WHICH REAR WHEELS 
ARE STEERED AS WELL AS FRONT WHEELS 
The combination vehicles discussed i n  Section 2.0 employ f u l l  t r a i l e r s  
t ha t  a r e  "steered" i n  a wagon-tongue fashion by the drawbar attached t o  t h e i r  
do l l i e s .  In t h i s  ins tance ,  the f ront  ax le  ( i  .e . , the dol ly  axle)  has a s t e e r  
angle ,  6F, tha t  i s  equal t o  the a r t i cu l a t ion  angle,  r , between the drawbar 
and the longi tudinal  ax is  of the semi t ra i le r  portion of the f u l l  t r a i l e r  (see 
Figure 9). In addi t ion ,  the rear  wheels of these t r a i l e r s  a re  nonsteering 
and remain p a r a l l e l  t o  the longi tudinal  plane of the semi t ra i le r .  In contrast  
t o  t h i s  arrangement, f u l l  t r a i l e r s  can be configured with wheels supported on 
inboard kingpins such t h a t  the front  and rear  wheels of the t r a i l e r  can be 
steered i n  proportion t o  the a r t i c u l a t i o n  angle between the drawbar and the 
longi tudinal  ax i s  of the t r a i l e r  ( see ,  f o r  example, Figure 10).  
The tracking and s t a b i l i t y  of f u l l  t r a i l e r s  u t i l i z i n g  so-called Ackerman 
s teer ing  systems may be analyzed individual ly i n  the same manner as  the 
conventional f u l l  t r a i l e r  with wagon-tongue s teer ing.  The l a t e r a l  forces  a t  
the p i n t l e  h i tches  a r e  small because the s teer ing  system layout i s  such tha t  
the moments about the s teer ing  pivot a r e  small ,  s imi la r  t o  the moment which 
e x i s t s  about the f i f t h  wheel mounted on the conventional "wagon-tongue" dol ly.  
In order t o  examine the advantages and disadvantages of four-wheel s teer ing ,  
we assume t h a t  the s t e e r  angles of the f ront  and rear  wheels (6£ and 6 r ,  
respect ively)  a r e  proportional t o  the a r t i c u l a t i o n  angle,  r ,  v i z . ,  
where 
Gf i s  the "gain" of the s,teering mechanism which 
s t e e r s  the f ront  wheels 
G r  i s  the gain of the s teer ing mechanism which 
s t e e r s  the r ea r  wheels 
Figure 9 .  Wagon-tongue s teer ing.  
Note: As shown, 6 has a p o s i t i v e  va : lue .  r 
Figure 10. Front and rear  s t e e r  angles produced by a 
s teer ing linkage attached to  the drawbar. 
Note tha t  the d e t a i l s  of the layout of the s teer ing system are  not needed t o  
study the advantages and disadvantages of s teer ing the rear  wheels along with 
the f ront  wheels. Thus, Equations (11) and (12) su f f i ce ,  together with 
l inear ized  equations of motion, t o  invest igate  rearward amplification as 
influenced by rear-wheel s teer ing.  
Appendices A and B ou t l ine  the theory developed t o  examine the 
off t racking and rearward amplification a t t r i bu tab le  t o  s teer ing the f ron t  and 
rear  wheels a t  specif ied gain levels .  These r e su l t s  a re  applied below t o  
evaluate the tracking advantages and the rearward amplification disadvantages 
tha t  derive from such an arrangement. 
3.1 Advantages i n  Tracking 
A kinematic analysis  shows tha t  a  four-wheel s teer ing system can provide 
"perfect" low-speed tracking such tha t  the r ea r  p in t l e  on the t r a i l e r  follows 
the path of the f ront  p in t l e  when turning on a  fixed radius a t  very low speed 
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The f u l l  t r a i l e r  shown i n  Figure 11 represents a  t r a i l e r  on which the 
wheels a r e  steered about in-board kingpins by means of a  s teer ing  linkage 
act ivated by a  drawbar t ha t  pivots about a  cen t r a l  kingpin. As i l l u s t r a t e d  i n  
Figure 11, XKp i s  the dis tance from the cent ra l  kingpin t o  the f ront  axle 
and XpH i s  the d is tance  from the rear  axle  to  the rear  p i n t l e  hi tch.  The 
symbol "XDBst represents the drawbar length and R represents  the wheelbase. 
The development i n  Appendix A shows tha t  perfect  low-speed tracking can 
be achieved by the proper adjustment of the dimensions, XDB, XKp, and 
XpH, r e l a t i v e  to  the wheelbase, R , and of the s teer ing  gains ,  Gf and Gr .  
In genera l ,  the use of symmetric s teer ing  ga ins ,  f ront  and r e a r ,  requires t ha t  
the drawbar be approximately as  long as  the wheelbase when Gf = Gr = 0.5. 
On the other hand, shor te r  drawbars su f f i ce  when Gf = G, = 1.0. The primary 
advantage of using smaller values of s teer ing  gain stems from the a b i l i t y  to 
cause intermediate points on the t r a i l e r  t o  t rack on a  radius comparable t o  
Figure  11. F u l l  t r a i l e r  wi th  drawbar s t e e r i n g .  
those being tracked by the fore and a f t  h i t ch  points .  
The developed equations show tha t  shor te r  drawbars can be used by 
sh i f t i ng  the turn center  forward of a point opposite the mid-wheelbase of the 
t r a i l e r .  This object ive can be accomplished by employing a rear  s teer ing gain 
which i s  l a rge r  than tha t  used a t  the f ront .  The equations a l so  show tha t  the 
rear  p i n t l e  of a t r a i l e r  with nonsteering rear  wheels w i l l  tend t o  t rack the 
path traced by the f ront  p in t l e  provided the f ront  s teer ing  gain i s  i n  the 
neighborhood of 0.5 and the drawbar i s  approximately the length of the 
wheelbase dimension. This achievement i s ,  however, subs tan t ia l ly  compromised 
by the tracking of the f ront  axle of the t r a i l e r .  
3.2 Disadvantages Due t o  Rearward Amplification 
The amount of rearward amplif icat ion can be very la rge  f o r  t r a i l e r s  with 
wheels tha t  a r e  kinematically steered i n  response t o  drawbar motion. For 
example, consider a t yp ica l  28-foot f u l l  t r a i l e r  a s  might be incorporated i n  a 
doubles or  t r i p l e s  combination. Let us compare three cases:  (1 )  l e t  the 
drawbar length ,  XDB, be equal t o  the wheelbase, R ,  and l e t  Gf = G r  = 0.5; 
(2)  l e t  XDB = R ,  Gf = 0.5, and Gr = 0 ;  ( 3 )  l e t  x D ~  = 6.1' ,  Gf = 1.0, 
and G r  = 0. The f i r s t  two cases provide perfect  tracking and the f i n a l  case 
represents  current  prac t ice  i n  t r a i l e r  layout. 
Per the analysis  developed i n  Appendix B and using the parameters given 
i n  Table 3 ,  we f ind t h a t ,  i n  the second case ,  the response of the rear  h i tch  
point to  motion of the f ron t  p i n t l e  h i t ch  has a maximum steady-state gain of 
approximately 1.7 a t  2.1 radlsec a t  55 mph (see Figure 12). The gain shown 
i n  Figure 12 f o r  the f i r s t  case i s  nearly as  la rge  a s  t ha t  of the second case,  
and the maximum gains fo r  both of these s teer ing  arrangements a re  much grea te r  
a t  frequencies comparable t o  those used i n  emergency maneuvers (approximately 
2 t o  3.15 rad lsec)  than the gains  a t ta ined  i n  the th i rd  case which corresponds 
t o  a typ ica l  layout of a conventional f u l l  t r a i l e r .  In summary, the rearward 
amplif icat ion (gains)  of the t r a i l e r s  with perfect  tracking a re  su f f i c i en t ly  
large t o  make these un i t s  marginally su i t ab l e  f o r  use a t  highway speeds and 
probably unsui table  fo r  use i n  doubles and t r i p l e s  combinations. 
Table 3. P a r a m e t r i c  Values f o r  Two Modified and One Conventional  
F u l l  T r a i l e r  
Bas ic  parameters  a p p l i c a b l e  t o  a l l  t h r e e  trailers : 
m = 35000/g = 1090 l b - s e c 2 / f t ,  Xif = !&I2 = 11.4  f t  
I = 90,000 f t - l b - s e c 2 ,  Xir = k/2 = 11.4  f t  
Ca = 162,000 l b / r a d  (both  a x l e s )  
L = 22.8 f t  u = 80.667 f t / s e c  (55 mph) 
Parameters  d i s t i n g u i s h i n g  t h e  t h r e e  t r a i l e r s :  
The above b a s i c  and d i s t i n g u i s h i n g  parameters  l e a d  t o  t h e  fo l lowing  
v a l u e s  of  s t a b i l i t y  d e r i v a t i v e s  
Case 1 Case 2 Case 3 
l b s / r a d  F 
'4' 
0 121,513 464,754 
f t - l b s / f t  T 81,000 40,500 302,754 
Y 
f t- l b s  / r a d  Tr 1,846,800 932,400 1,846,800 
xdb = drawbar length, ft. 
R = wheelbase, f t .  
Case 1: xdb=R=22.8 , Gf=Gr=0.5 
(perfect tracking, front and rear steering) 
Case 2: xdb=R=22,8 , Gf10.5, Gr=O 
(perfect tracking, front steering) 
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Figure 12. Comparisons of rearward amplifications, showing 
high amplification for trailers that track perfectly at low 
speed. 
4.0 CONCLUDING REMARKS 
With respect to conventional full trailers, the work per- 
formed in this study confirms the following conflicts between 
offtracking and dynamic maneuvering capability: (1) longer 
trailers have less rearward amplification, but more offtracking 
than short trailers; (2) if the hitch location on a towing unit 
is moved closer to the center of gravity of the unit, rearward 
amplification will be decreased, but offtracking will be increased. 
A surprising finding, that has been demonstrated using the theory 
presented here, is that there is a "worst-case" drawbar length 
which maximizes rearward amplification [ 3 ] .  This finding is 
frequency dependent such that the worst-case length is a function 
of the steering quickness. Nevertheless, these results confirm 
those found by Hazemoto [16] and they indicate that shortening 
the drawbar may decrease rearward amplification slightly, al- 
though the influence of moderate changes in drawbar length will 
not have an important influence on rearward amplification. 
The analysis methods developed in this study provide the 
means for evaluating the low-speed tracking characteristics and 
the high-speed maneuvering capability of trailers with kinematic 
(drawbar) steering systems (see Appendices A and B). The analyses 
performed herein indicate that trailers with drawbar steering 
systems, which provide perfect low-speed tracking, tend to have 
undesirably large amounts of rearward amplification in high-speed 
manuevering such as that required in emergency obstacle-avoidance 
situations (see Figure 12). These findings provide evidence 
refuting the position that kinematic steering of trailer wheels 
will provide a good compromise between low-speed offtracking 
and rearward amplification. 
Nevertheless, there may be situations in which developers 
truck combinations will wish to judge for themselves the trade 
offs between rearward amplification and offtracking for a parti- 
cular trailer arrangement. 
In that case, equations 4, 5, and 6 of appendix A can be used 
to compute offtracking for various drawbar angles; and equations 
B 11 to B 17 and equations B 24 through B 30 of appendix B can be 
used to analyze.rearward amplification for various velocities. 
If operation speeds are kept to modest levels, one might be 
interested in investigating very long trailers with a small amount 
of rear wheel steering added to improve low speed offtracking. 
However, trailers, which have (a) conventional wagon-tongue 
steering and (b) unacceptable levels of rearward amplification 
at their maximum operation speed, do not appear to b e  good cani- 
dates for the application of kinematic arrangements for steering 
the rear wheels. . 
Given that gains in both low speed offtracking and obstacle 
avoidance performance are not attainable using drawbar steering 
systems, we are inclined to recommend that developers also consider 
other means for improving the directional performance of full 
trailers. In that regard, we believe that innovative dolly concepts 
and hitching arrangements are reasonable areas for future research 
aimed at reducing rearward amplification without sacrificing the 
ability to maneuver successfully at low speeds in places with 
restrictive geometry. 
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APPENDIX A 
THE OFFTRACKING CHARACTERISTICS OF FOUR-WHEELED STEERED TRAILERS 
This appendix derives the equations which describe the low-speed 
off t racking behavior of the most general configuration of a  four-wheeled 
t r a i l e r ,  namely, a  t r a i l e r  whose front  and rear  wheels can be steered by 
a  kinematic linkage attached to a  drawbar which pivots  about a  cent ra l  
kingpin. I n  theory, such a  t r a i l e r  can be designed so as  to  s t e e r  the 
f ront  and rear  wheels t o  angles which a re  proportional t o  the a r t i cu l a -  
t i o n  angle df the drawbar by d i f fe r ing  amounts, f ront  and r ea r .  In  a l l  
cases,  however, the s teer ing  l inks  must be arranged such tha t  the rear  
wheels s t e e r  to  the l e f t  when the f ront  wheels s t e e r  t o  the r igh t  and 
v i ce  versa.  
I f  we assume tha t  the turning radius of the t r a i l e r  i s  large re la -  
t i ve  t o  the length of the wheelbase and drawbar, i t  becomes possible  to 
neglect  the f i n i t e  t rack width of the t r a i l e r  and thereby collapse a 
four-wheeled t r a i l e r  i n to  the two-wheeled t r a i l e r  shown i n  Figure A-1. 
(Note t ha t  i n  drawing t h i s  f igure ,  we must show turn r a d i i  whose lengths 
a r e  not much greater  than the length dimensions of the t r a i l e r . )  In 
Figure A-1, we show the f ront  wheels being s teered to  an angle which i s  
l e s s  than the a r t i cu l a t ion  angle, T ,  of the drawbar with the rear  wheels 
being s teered to  an angle greater  than the a r t i cu l a t ion  angle. To 
describe t h i s  d i f f e r e n t i a l  s teer ing ,  we define a  front  and rear  s teer ing  
gain, respect ively,  such tha t  
and 6 = G r  r r 
where 
and G~ = ~ E ~ / x  
F i g u r e  A-1. D e f i n i t i o n  of  t h e  geometry of  a four-wheel s t e e r e d  
t r a i l e r ,  when 6 > 6 f .  r 
(Note tha t  a  pos i t ive  a r t i c u l a t i o n  angle causes a  pos i t ive  front-wheel 
displacement and a  pos i t ive  rear-wheel displacement, with the l a t t e r  
pos i t ive  displacement involving wheels s teered to the l e f t . )  
Zince "zero-speed" off t racking implies tha t  the f ront  and r ea r  t i r e s  
must operate a t  a  zero s l i p  angle,  an inspection of Figure A-1 shows the 
following: 
1)  When Gf  = G r ,  i . e . ,  6 = 6 £ ,  the turn center  must l i e  r 
on a  point opposite the midpoint of the wheelbase 
2 )  When G f  > G r ,  the turn  center w i l l  l i e  a f t  of mid-wheelbase 
and when Gf  < G the turn  center w i l l  l i e  forward of mid- r '  
wheelbase 
3)  I n  general,  f o r  designs which incorporate kingpin and 
p i n t l e  locat ions as  shown, the object ive of having the 
rear  p i n t l e  h i tch  follow i n  the t rack of the forward 
p i n t l e  h i tch  means tha t  the r ea r  wheels must be s teered 
i n  excess of the f ront  wheels. 
The off t racking of the t r a i l e r  can be defined as 
Note t h a t  when OT = 0, we a re  assured tha t  every uni t  i n  a  t r a i n  of t r a i l e r s  
w i l l  follow i n  the path establ ished by the lead p i n t l e  connection. On the 
other  hand, we a r e  not necessar i ly  assured t h a t  the t i r e s  w i l l  t rack i n  
the  c i r cu l a r  path being traced by the p in t l e s .  
To evaluate the off t racking,  as defined, Figure A-1 can be examined 
t o  obtain the following geometric re la t ionships :  
Note tha t  
Therefore, 
and 
COS + = - C O S ( ~ + ~ )  
Since 
R ,  = R _  tan 6, = R tan G,r 
k = Rc tan g r  = RC tan Grr r 
!? = lf + t r  = R ( tan Gfr + tan G T) 
c r 
we f ind tha t  
R = l / ( t a n  G I' + tan GfT) 
c r 
E = !L[tan GfT/(tan G T + tan G$)] 
r r 
R f  = !?,[tan ~ £ I ' / ( t a n  G r T  + tan GfT) ] 
Equations ( I ) ,  ( 2 )  , and (3) can now be expressed a s  
R& = [ I / ( t a n  Gri. + t a n  G ~ T ) ] ~  + [R(tan Gfi./(tan G r T  + t a n  G ~ T ) )  + $p]2 (5) 
$H = o tan G r T  + t a n  GfI')12 + [&( tan  GrI'/(:an GrI. + t a n  G ~ T ) )  + xpH12 (6)  
r 
I n  t h e i r  above form, Equat ions  ( 4 ) ,  ( 5 ) ,  and (6)  do no t  p rov ide  much 
guidance a s  t o  how t o  s e l e c t  v a l u e s  of  t h e  des ign  v a r i a b l e s  ( v i z . ,  " %B' 
)kp, SH, G f ,  and G ) i n  o r d e r  t o  ach ieve  good o r  p e r f e c t  o f f t r a c k i n g .  By r 
numer ica l  means, i t  i s  p o s s i b l e  t o  s o l v e  f o r  OT as a f u n c t i o n  of  t h e  
a r t i c u l a t i o n  a n g l e ,  T ,  and t o  demonst ra te  t h a t  good o r  p e r f e c t  t r a c k i n g  
can  be achieved f o r  a  p rope r  combinat ion o f  d e s i g n  v a r i a b l e s .  To f i r s t  
o r d e r ,  one f i n d s  t h a t  doubl ing  t h e  a r t i c u l a t i o n  a n g l e ,  r ,  reduces  t h e  
t u r n  r a d i u s  by h a l f .  I f  an o f f t r a c k i n g  e r r o r  e x i s t s  a t  a  f i n i t e  a r t i c u l a -  
t i o n  a n g l e ,  t h e n  doubl ing  t h e  a r t i c u l a t i o n  a n g l e  approximate ly  doubles t h e  
o f f t r a c k i n g  e r r o r ,  For  example, i f  one assumes a t r a i l e r  w i t h  t h e  fol low- 
i n g  des ign  v a r i a b l e s ,  namely, R = 62 i n ,  XDB = 50 i n ,  % = 2.5 i n ,  
XpH = 24.4 i n ,  Gf  = 1, and G r  = 1, t h e  r e s u l t s  g iven  i n  Table  A-1 a r e  
ob ta ined .  
Table  A-1 
- f t  
r - deg  
A s  i n d i c a t e d ,  Equat ions  ( 4 ) ,  ( 5 ) ,  and (6) can b e  used t o  c a l c u l a t e  
and check t h e  o f f t r a c k i n g  of a  g iven  d e s i g n ,  p a r t i c u l a r l y  when d i f f e r e n t  
s t e e r i n g  g a i n s  a r e  used f r o n t  and rear. However, i t  is  u s e f u l  t o  cons ide r  
some s p e c i a l  c a s e s ,  i n  o r d e r  t o  d e r i v e  c e r t a i n  i n s i g h t s  and some r u l e s  
of  thumb r e g a r d i n g  the  r equ i r emen t s  f o r  good o r  p e r f e c t  t r a c k i n g .  
Consider  t h e  c a s e  where Gf = Gr = G ,  such  t h a t  t h e  t u r n  c e n t e r  i s  
l o c a t e d  o p p o s i t e  t h e  mid-wheelbase and t h e  r e a r  wheels  t r a c k  t h e  f r o n t  
wheels  i n  a s t e a d y ,  zero-speed t u r n .  Let  us assume, f i r s t ,  a symmetric 
t ra i le r ,  such  t h a t  SH = Ykp = X. (This  arrangement produces a  t rai ler  
t h a t  can be  towed from e i t h e r  end. ) Equat ions  (4)  , (5)  , and (6)  reduce  
t o  t h e  f o  l lowing expres s  i o n s ,  v i z  . : 
cos{r + tan- ' [a/2 t a n  Gl'(X t !L/2)]) 
% = [k /2  t a n  G T ] ~  + [a12 + x12 
$H 
= [PI2 t a n  G T ] ~  + [ k / 2  + x]2 = $ 
r 
For zero  o f f t r a c k i n g ,  Equation ( 7 )  must be equal  t o  Equation (9) ,  and, 
on s u b s t i t u t i n g  Equation (8) i n t o  Equation ( 7 ) ,  one f i n d s  t h a t  
0 = G, + 2XDB([2/2 t a n  ~ l ' ] ~  + [ k / 2 + ~ ] ~ 1 ~ / ~ c o s  { r  + tan- ' [e l2  t a n  G T ( X + ~ / Z ) ] ~  
Equation (10) must be  s a t i s f i e d  f o r  a l l  va lues  of a r t i c u l a t i o n  
ang le ,  l', i f  p e r f e c t  t r ack ing  i s  t o  be e s t a b l i s h e d  i . ,  RpHr = R ~ ~ ~ )  by 
a symmetrical t r a i l e r ,  v i z . ,  Gf  = Gr and XKp = XpH . Never theless ,  f o r  
a given wheelbase, R, t h r e e  des ign v a r i a b l e s ,  %B' X, and G ,  remain t o  
be s e l e c t e d  such t h a t  the  geometrical  requirement s p e c i f i e d  by Equation 
(10) i s  met. Accordingly, i t  i s  u s e f u l  t o  make f u r t h e r  s i m p l i f i c a t i o n s  
t o  o b t a i n  more phys ica l  i n s i g h t  than is  o f f e r e d  by Equation (10) .  
Assume now t h a t  YpH = XKp = X = 0, and t h a t  G = 0.5. Equation 
(10) reduces t o  the  fo l lowing express ion:  
Examination of t h e  q u a n t i t y  w i t h i n  the  braces  shows t h a t ,  i r r e s p e c t i v e  of 
the  value  of  r ,  t h i s  q u a n t i t y  always has  t h e  value  of minus one. Accord- 
i n g l y ,  Equation (11) reduces t o  t h e  simple r e s u l t  t h a t  
when 
and 
This  f i n d i n g  corresponds t o  t h e  geometry diagrammed i n  F i g u r e  A-2. 
We observe  t h a t  
F u r t h e r ,  we n o t e  t h a t  RpH = rkp = R P H ~  f o r  p e r f e c t  t r a c k i n g .  On r 
app ly ing  t h e  law of  c o s i n e s ,  we see t h a t  
S ince  
cos(90°  - ,5r) = s i n  . 5 r  
and 
s i n  .5T = %/2 5, , - 
Equation (12)  reduces  t o  
Consider  now t h e  case  where = 0 and Gf  = Gr = 1 . 0 ,  b u t  $, i s  
f i n i t e  and p o s i t i v e  a s  shown i n  F igu re  A-3. From t h e  i n d i c a t e d  geometry, 
we s e e  t h a t  
Figure  A-2. T r a i l e r  geometry p rov id ing  p e r f e c t  t r a c k i n g  when 
= 'XpH = 0 and Gf = G = 0.5. 
r 
Figure  A-3. T r a i l e r  geometry p rov id ing  p e r f e c t  t r a c k i n g  when 
= 0, Gf = Gr = 1.0 ,  and $H > 0.  
where 
RRA = l e n g t h  of  r a d i u s  from t h e  t u r n  c e n t e r  t o  t h e  
r e a r  a x l e  
We a l s o  n o t e  t h a t  
and 
S ince  
and 
s i n  r = k/2 = I / 2  RRA, 
Equat ion  (14) reduces  t o  
On equa t ing  Equat ions  (13) and ( 1 5 ) ,  we o b t a i n  t h e  r e l a t i o n s h i p  
%I3 = %H + % H i  
t o  be s a t i s f i e d  f o r  p e r f e c t  t r a c k i n g .  I f ,  f o r  example, we l e t  
t hen  we f i n d  t h a t  a drawbar l e n g t h  of 
'DB = J5/4 a = ,5591 
w i l l  cause t h e  r e a r  p i n t l e  t o  t r a c k  the  f r o n t  p i n t l e  when % = 0  and 
= G = 1.0 .  However, i n  c o n t r a s t  t o  t h e  geometry diagrammed i n  Figure 
Gf r 
A-2, where t h e  a x l e  cen te r s  t r a c k  t h e  pa th  of the  p i n t l e s ,  Figure  A-3 
shows t h a t  the  a x l e  cen te r s  w i l l  t r a c k  i n s i d e  t h e  path  of t h e  p i n t l e s .  
Consider a  t h i r d  case ,  i n  which % = 0, Gf = G = 0.5,  and 
r 
%H > 0. The app l icab le  geometry i s  shown i n  Figure A-4. By means of 
t h e  law of cosines ,  we s e e  t h a t  
and 
Since 
= 90" - .5F 
cos $ = cos(90° - . 5 r )  = s i n ( . 5 r )  
and 
cos(90° + .5r )  = - s in ( .5 I ' ) ,  
we f i n d  t h a t  zero o f f t r a c k i n g  r e q u i r e s  t h a t  
Solving f o r  XDB y i e l d s  : 
I f  we, again ,  assume sH = 2 1 4 ,  we f i n d  t h a t  
Figure  A - 4 .  T r a i l e r  geometry providing p e r f e c t  t r a c k i n g  when 
XKP = 0 ,  Gf = Gr = 0.5, and YpH > 0. 
demonstrating t h a t  reduct ions  i n  s t e e r i n g  gain  r e q u i r e  longer drawbars 
t o  produce zero o f f t rack ing .  
Consideration of o the r  s p e c i a l  cases does not  appear t o  o f f e r  
i n s i g h t  over and above t h a t  provided by t h e  s p e c i a l  cases j u s t  con- 
s ide red .  Examination of Figures A-1 through A-4 shows t h a t  t h e  des igner  
can reduce the  l eng th  of t h e  required drawbar by inc reas ing  t h e  s t e e r i n g  
ga in  a t  the  expense of increased o f f t r a c k i n g  of the  a x l e  c e n t e r s .  On 
t h e  o ther  hand, t h e  des igner  can a l s o  attempt t o  equa l ize  t h e  r a d i a l  
d i s t ances  t o  t h e  f o r e  and a f t  p i n t l e s  by reducing the  s t e e r i n g  gain  a t  
t h e  f r o n t  wheels and inc reas ing  t h e  gain  a t  the  r e a r  wheels. I f  helshe  
chooses t o  vary %, XpH, XDB, G f ,  and Gr t o  f i n d  a  geometrical  layout  
conducive t o  good t rack ing ,  i t  i s  necessary t o  r e s o r t  t o  Equations ( 4 ) ,  
( 5 ) ,  and ( 6 )  t o  determine the  magnitudes of t h e  design v a r i a b l e s  which 
produce e i t h e r  zero o r  a  f i n i t e  o f f t r a c k i n g  e r r o r .  
It should be noted t h a t  t h i s  a n a l y s i s  of t h e  o f f t r a c k i n g  of a  
four-wheel s t e e r i n g  t r a i l e r  reduces t o  an a n a l y s i s  app l icab le  t o  a  f ron t -  
wheel-steering t r a i l e r  by l e t t i n g  G = 0. To s impl i fy  mat te r s ,  consider r 
a  t r a i l e r  whose r e a r  p i n t l e  and c e n t r a l  kingpin a r e  loca ted  such t h a t  
XpH = Ei(p = 0, To o b t a i n  p e r f e c t  t r ack ing ,  i . e . ,  wi th  respec t  t o  t h e  
r e a r  p i n t l e  t r a c i n g  t h e  pa th  of t h e  forward p i n t l e ,  Figure  A-5 shows t h a t  
i t  is necessary f o r  X t o  be equal  t o  R and f o r  Gf t o  be 0.5. C lea r ly ,  DB 
i n  t h i s  ins tance ,  t h e  f r o n t  a x l e  cen te r  w i l l  t r a c k  on a  l a r g e r  rad ius  
than i s  t racked by t h e  f o r e  and a f t  p i n t l e s .  
Figure A-5. Geometry of a front-wheel steering trailer which 
results in % H ~  = $ H ~  when )iCP = SH = 0. 
APPENDIX B 
TRANSFER FUNCTIONS DESCRIBING TRAILERS WITH 
DRAWBAR STEERING SYSTEMS 
The equations developed here pe r t a in  to  f u l l  t r a i l e r s  whose wheels 
a re  s teered i n  proportion to  the a r t i c u l a t i o n  angle between the drawbar 
and the longi tudinal  axis  of the t r a i l e r .  This work i s  an extension of 
e a r l i e r  r e s u l t s  [ 2 ]  and i t  has increased our understanding of the impor- 
tance of drawbar length [3 ] .  As i n  the e a r l i e r  work, the primary 
assumption i s  t ha t  the forces a t  the p i n t l e  hi tches are  small ,  tha t  i s ,  
the t r a i l e r  i s  s teered by the motion of i t s  forward p in t l e  h i t ch  and a  
f u l l  t r a i l e r  appl ies  a  negl igible  force t o  the uni t  ahead of i t  i n  a  
vehicle  t r a i n ,  
The basic  quant i t ies  used i n  t h i s  analysis  a re  i l l u s t r a t e d  i n  
Figure B 1 .  The quant i t ies  shown i n  Figure B 1  have been used to  develop 
the  following equations describing a  "drawbar s teer ing  sys tem. ' I  
Equations Describing Drawbar S teer ing  
With t h i s  type of s t ee r ing ,  the s l i p  angles of the f ron t  and rear  
wheels a re  as  follows : 
Figure  B 1 .  I l l u s t r a t i o n  de f in ing  b a s i c  v a r i a b l e s  and geometric q u a n t i t i e s .  
(Note: 6 i s  shown wi th  a p o s i t i v e  v a l u e  c o r r e s p o n d i n g  t o  
G > 0 . 1 ~  
r 
I n  w r i t i n g  the  equat ions  of motion, desc r ib ing  the  response of 
t h e  f u l l  t r a i l e r  t o  the motion of po in t  A ( t h a t  i s ,  yA),  i t  i s  convenient 
t o  use so-called " s t a b i l i t y  d e r i v a t i v e s .  " I n  t h i s  context ,  the  t r e a t -  
ment of mul t ip le  ax les  a t  the  f r o n t  o r  the  r e a r  of the  t r a i l e r  is  r e a d i l y  
incorporated i n  the  s t a b i l i t y  no ta t ion .  The equat ions  of motion ( see  
Table B1) may be t r e a t e d  i n  two p a r t s :  
1 )  the  motion of y .  with respec t  t o  t h a t  of y and 
1 A' 
2 )  t h e  motion of y wi th  respec t  t o  t h a t  of y c i ' 
Table B 1 .  Linearized Equations of Motion for  a Ful l  Tra i le r  
(1) yi with respect t o  y A 
where 
m i s  the t r a i l e r  mass 
I i s  the t r a i l e r  yaw moment of i n e r t i a  
1 u i s  the forward veloci ty  
v i s  the s ides l ip  ( l a t e r a l  veloci ty)  
r i s  the yaw r a t e  
9 i s  the heading angle 
I 
'i 
i s  the l a t e r a l  displacement of the c.g. 
Y~ 
i s  the l a t e r a l  displacement of the forward 
p i n t l e  h i tch  
The s t a b i l i t y  der ivat ives  a r e  as  follows : 
(Note t h a t  "C" means the summation over a l l  wheels, "C" means 
: 
summation over a l l  f ront  ax les ,  and "2" means summatiin over 
r 
a l l  r e a r  axles .  Also, the "Cals" a r e  t i r e  cornering s t  i f  f n e s  s e s  . ) 
Table B 1  (Cont .) 
where Xi* i s  the dis tance from point i t o  point A 
and X and X define the distances from the c.g. to  the 
i r i f  
rear  axles and to  the front  axles ,  respect ively.  
( 2 )  y c  with respect to  y i 
Rewriting (B7) and (B8), 
m(v+ur) = - F v - Frr + Frr v . 
Ir = - Tvv - T r + Trr r 
where 
- - C  G C Fr - f GiCaf r a r  = Fy %B 
Tr = 'ifGfCuf + ' irGrCor = Ty 
The equa t ions  g iven  i n  Table B1 can be t ransformed t o  t h e  Laplace 
o r  frequency domain and expres sed  as t r a n s f e r  f u n c t i o n s .  The r e s u l t s  
a r e  a s  fo l lows:  
where 
where 
A = N ~ / D *  = X s r ( s ) / ( s  v ( s )  + u r ( s ) )  
i c 
which reduces  t o  
S p e c i a l  ca ses  of p a r t i c u l a r  i n t e r e s t  a r e  (1)  t h e  " n e u t r a l  s t e e r "  
t r a i l e r  f o r  which Fr = Tv = 0 ( t h i s  a p p l i e s  t o  t rai lers  w i t h  e q u a l  l oads  
and t ires a t  a l l  wheel  p o s i t i o n s )  and ( 2 )  t r a i l e r s  w i t h  t r a d i t i o n a l  
d o l l i e s  f o r  which Gf  = 1 and Gr = 0. 
